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Abstract — The  resonant  spontaneous  bremsstrahlung  (when  intermediate  electron  goes  out  on  a mass  surface) 
at  scattering  an  electron  on  a nucleus  in  the  field  of  two  light  waves  propagating  in  one  direction  in  interference 
region  is  theoretically  considered.  In  the  interference  region  the  electron  is  correlated  radiates  and  absorbs  the 
same  number  of  photons  of  the  two  waves.  As  a result  of  it,  the  electron  interacts  as  though  with  one  wave  of 
the  combination  frequency  (C0|  ± co2)-  The  differential  cross  section  of  the  given  process  in  requirements,  when 
intensities  of  waves  Tb  2 1,  is  obtained.  The  resonance  infinities  were  eliminated  by  Breit  and  Wigner  proce- 

dure. It  is  shown  that  the  resonant  differential  cross  section  of  a spontaneous  bremsstrahlung  can  on  some  orders 
of  magnitude  exceed  the  corresponding  cross  section  without  a laser  field. 


1.  INTRODUCTION 

Spontaneous  bremsstrahlung  by  an  electron  scat- 
tered by  a nucleus  in  the  field  of  a plane  electromag- 
netic wave  has  been  investigated  for  a long  time  (see, 
e.g.,  [1-6]).  Attention  was  focused  primarily  on  the 
study  of  resonances  associated  with  mass-shell  effects 
in  the  Green’s  function  of  the  intermediate  electron  in 
the  plane-wave  field.  For  the  general  relativistic  case, 
the  resonances  were  studied  in  [7]  (see  also  the  review 

in  [8]). 

Lately  there  has  been  an  upsurge  of  interest  in  ele- 
mentary quantum  processes  that  occur  in  a superposi- 
tion of  several  laser  fields.  Nonresonance  spontaneous 
bremsstrahlung  at  scattering  an  electron  on  a nucleus  in 
the  field  of  two  light  waves  is  investigated  recently 
[9,  10],  It  was  investigated  in  detail  spontaneous 
bremsstrahlung  in  the  noninterference  and  interference 
regions,  and  for  the  latter  we  predict  the  emergence  of 
a spontaneous  interference  bremsstrahlung  effect  in 
two  cases:  for  equal  linear  polarization’s  of  the  waves 
and  elliptical  polarization  of  the  waves.  In  the  latter 
case  the  effect  amounts  to  strong  correlation  of  the  exit 
angles  of  the  electron  and  spontaneous  photon,  to  a 
dependence  of  the  emission  spectrum  on  the  energy  and 
polar  incidence  angle  of  the  initial  electron,  and  to  stim- 
ulated, correlated  emission  and  absorption  (due  to  wave 
interference)  of  photons  of  both  waves.  We  also  show 
that  the  differential  cross  section  of  spontaneous 
bremsstrahlung  in  the  interference  region  can  be  much 
greater  than  the  corresponding  cross  section  in  any 
other  geometry. 

In  the  present  paper,  the  resonant  spontaneous 
bremsstrahlung  (when  intermediate  electron  goes  out 
on  a mass  surface)  at  scattering  an  electron  on  a nucleus 
in  the  field  of  two  light  waves  propagating  in  one  direc- 


tion in  interference  region  is  theoretically  considered.  It 
is  shown  that,  in  resonance  conditions,  the  given  pro- 
cess of  the  second  order  on  a fine  structure  constant 
effectively  breaks  up  to  two  processes  of  the  first  order: 
process  of  scattering  of  an  electron  on  a nucleus  in  the 
field  of  two  waves  and  process  of  spontaneous  radiation 
by  an  electron  of  a quantum  in  the  field  of  two  waves. 
In  the  interference  region  the  electron  is  correlated  radi- 
ates and  absorbs  the  same  number  of  photons  of  the  two 
waves.  As  a result  of  it,  the  electron  interacts  as  though 
with  one  wave  of  the  combination  frequency  (co,  ± co2). 
The  differential  cross  section  of  the  given  process  in 
requirements,  when  intensities  of  waves  r|ii2  ^ 1,  is 
obtained.  The  resonance  infinities  were  eliminated  by 
Breit  and  Wigner  procedure.  It  is  shown  that  the  reso- 
nant differential  cross  section  of  a spontaneous 
bremsstrahlung  can  on  some  orders  of  magnitude 
exceed  the  corresponding  cross  section  without  a laser 
field.  Here,  we  use  the  system  of  units  where  h = c = 1 . 


2.  AMPLITUDE  OF  SPONTANEOUS 
BREMSSTRAHLUNG 

We  select  the  4-vector  potential  of  the  external  field 
in  the  form  of  the  sum  of  two  plane  electromagnetic 
waves  propagating  parallel  to  the  z axis: 


A = A, (9,)  + A2((p2), 


where 


Aj(<?j)  = rr(ejxcos(?j + 8/e/vSintpj).  (2) 

mj 

Here  is  = +1,  82  = ±1,  ejx  = (0,  ejx)  and  ejy  = (0,  ejy) 
are  the  4-vectors  of  wave  polarization;  Fj  and  co;  are  the 
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field  strength  and  frequency  of  the  first  (j  = 1 ) and  sec- 
ond (j  = 2)  waves,  and  the  argument  (p,  has  the  form 

(p j = <dj(t-z),  j = 1,2.  (3) 

The  amplitude  of  spontaneous  bremsstrahlung  by  an 
electron  scattered  by  a nucleus  in  the  light  wave  (1)  has 
the  form  (see  Fig.  1) 


s*  X E v <4> 

/j  = -«o/2  = -°° 

where  the  partial  amplitude  with  emission  (/,  > 0,  l2> 
0)  or  absorption  (/,  < 0,  l2  < 0)  |/,|  of  photons  of  the  first 
wave  and  \l2\  photons  of  the  second  is 

c ,87t  S,2Ze  Mq0) 

Su.  = -i  . exp(i<|)y)[ii/g/ , h,-] — — , (5) 

V2o)  'EiEf  q 


/,/2 


■ X X 

J,  = L 


M, 


h~s\<  h~si'rf 


(P/>9,/)_ 2 2 Pi^ 

qt  - m* 


(6) 


Fig.  1.  Spontaneous  bremsstrahlung  by  an  electron  scattered 
by  a nucleus  in  the  field  of  two  light  waves.  The  solid  incom- 
ing and  outgoing  lines  correspond  to  the  wave  functions  of 
the  initial  and  final  electrons  in  the  field  of  two  waves 
(Volkov  functions),  the  dashed  lines  correspond  to  the  spon- 
taneous photon  k'  and  the  “pseudophoton”  of  the  nucleus, 
and  the  internal  lines  correspond  to  the  Green’s  function  of 
an  electron  in  the  field  of  two  waves. 


^ ^ \ql 


+ KSlH(Pf'  4f)z 


+ m. 


2 2 
qf-m * 


M 


h -si>  h 


Pi) 


We  note  that  the  functions  Ir^  (11)  can  be 
expanded  in  Bessel  functions  Jr  of  integer  order: 


q - Pf~ Pi  + k'  + l\ki  + l2k2, 
<7,  = pi-k'  -slkl-s2k2, 
qf  = Pf  + k’  + slkl  + s2k2. 


(7) 

(8) 


In  Eqs.  (6)-(8),  = co,n  = 00,(1,  n)  and  k2  = (02ti  = 

oo2(l,  n)  are  the  4-momenta  of  the  photons  of  the  first 
and  second  waves,  p,  and  pf  are  the  4-quasimomenta 
of  the  electron  before  and  after  scattering,  and  m*  is  the 
effective  mass  of  the  electron  in  the  light  wave  (1): 


Pi,/  ~ Pi,/  + (B i + ^)y(,  ^i> 

zvKi  Pi,f) 

m*  = mjl  + tii  + TI2- 


Here  pif=  (Etf,  p,y)is  the  4-momentum  of  the  electron 
before  and  after  scattering,  and 


7r,r2  = /r,r2(Xl.Yi;  Xl,  Y 2J  «12) 

= exp[-/(x1r1  + 62x2r2)] 


(12) 


x £ exp[/(x.-62x2)7]y/a)7ri_;(Yi)Yr2+822(Y2)- 


The  arguments  of  the  functions  Ir^  are 


Y;sY/P2.Pi)  = ‘njW'J-gj  = nMgj\, 
Pi  Pi 


gj  = gjCPi,~P\)  = 


( kjPi ) (kjPi)’ 


_ \ m ( 1 1 
a=a(p2,Pl)  - x\xx\2-[^-^r 

Q = ©,  - 52co2,  = gj'). 


(13) 


(14) 


T|l,2 


eF\,i 
moo,  2 


(10) 


is  the  classical  Lorenz-invariant  parameter  characteriz- 
ing the  intensity  of  the  first  and  second  waves,  respec- 
tively (see  also  [8,  9]). 

MVl(~P2,~P\)~lriV  KSls2(P2’Pl)~Ists2-  (11) 


Note  that  the  7 ) (13)  are  the  well-known  Bunkin- 
Fedorov  multiphoton  quantum  parameters.  The  a (14) 
are  quantum  interference  parameters,  which  determine 
the  interference  effects  in  the  scattering  of  an  electron 
by  a nucleus  and  in  the  spontaneous  emission  of  a pho- 
ton by  the  electron  in  the  field  of  two  waves.  Here  we 
merely  note  that  if  a > 1,  correlated  emission  and 
absorption  of  photons  of  the  two  waves  become  impor- 
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tant.  But  if  a < 1,  interference  processes  can  be 
ignored  j= 0 and  the  functions  I r become  the  product 

of  functions  that  determine  the  independent  emission 
and  absorption  of  photons  of  the  first  and  second 
waves: 


y2;0) 

(15) 

= exp[-/(x,r,  +82x2r2)]ir|(Yi)^2(Y2)- 

3.  AMPLITUDE  OF  SPONTANEOUS 
BREMSSTRAHLUNG  IN  THE  INTERFERENCE 
REGION 

In  the  interference  region,  the  following  relation- 
ships must  hold  in  the  general  case  of  arbitrary  wave 
intensities: 

g]CPf,~qi)  = g]{qi,~Pi)  = 0, 

2 - - 2 - - (16) 

8j(pf,qf)  = gj(qpPi)  = o. 

Thus,  in  the  interference  region,  the  parameters  y ) 
vanish  and  the  functions  in  (12),  which  determine 

the  amplitude  of  spontaneous  bremsstrahlung,  become 
the  Bessel  functions  Jr  of  integer  order: 

/r]rj(0,  0;  0,  0;  a)  = Jr( a),  r = ^(r,  - 82r2).  (17) 


9 — 9(0)  = ~Pf-Pi  + k'  + lK 
• qii  — *-  9/(0)  = Pi-K -sK,  K = (O,  K)  = kl-  52k2  (18) 
q/—*  9/(0)  = Pf  + k’  + sK. 

q *■  9(i)  = Pf-pf  + k'  + lK 

-|(l+52)*,-|(l-82 )k2, 

9/  — *9/(i)  = Pi  -k'-sK 

• 1 1 (19) 

+ i(l  + 82)*,  + i(l-82)*2f 

9/  —9/(i)  = Pf  + k'  + sK 
-|d  + 52)*i-|(I -5  2)*2. 

Equations  (18)  and  (19)  suggest  that  in  the  interfer- 
ence region  the  electron,  during  electron  deceleration  at 
the  nucleus  and  spontaneous  emission  of  a photon, 
emits  (absorbs),  in  a correlated  manner,  equal  numbers 
of  photons  of  the  first  and  second  waves  ( l2  = — 52/t,  s2  = 
— 82S|)  or  numbers  that  differ  by  1 (/2  = -82/,  - 1,  s2  = 
-825]  - 1);  processes  in  which  the  numbers  of  emitted 


(absorbed)  photons  of  both  differ  by  more  than  one  are 
suppressed. 

The  final  formula  for  the  amplitude  of  spontaneous 
bremsstrahlung  by  an  electron  scattered  by  a nucleus  in 
the  interference  region  is  (see  also  [9]) 

00 

5 = £ [5,(0)  + 5,(,)],  (20) 

/ = -00 

where  S,<0)  and  S(, ' are  the  partial  amplitudes  with  cor- 
related emission  (absorption)  of  equal  numbers  of  pho- 
tons of  both  waves  and  of  numbers  of  such  photons  that 
differ  by  1 . 


4.  RESONANT  SPONTANEOUS 
BREMSSTRAHLUNG  IN  THE  INTERFERENCE 
REGION 

Let  us  consider  resonant  SB  in  conditions,  when 


T|iT|2«n,  T)f,2  < 1.  (21) 

We  find  that  the  kinematics  of  electron  scattering 
and  spontaneous-photon  ejection  for  the  amplitudes  of 
a and  b is  the  same.  Here  the  scattering  of  the  electron 
and  the  emission  of  the  spontaneous  photon  occur  in  a 
single  plane  formed  by  the  initial  electron  momentum 
and  the  direction  of  propagation  of  both  waves.  The 
corresponding  azimuth  angles  are  equal,  while  the 
polar  angles  are  given  by 


(If  — Clj,  djf  — 

^-sinG,  f, 

Ku  ’f 

(22) 

for  electron  scattering,  and 

co,2  = 

Cl{  1 

(23) 

for  the  exit  angle  of  the  spontaneous  photon. 

In  (22)  and  (23)  it  is  denoted: 

K/,/  = £/,/-|Pi,flcos9/,/, 

e,  / = Z(n,  Pi  f),  0’  = Z(n,  k’). 

Analyzing  the  kinematics  conditions  (22),  we  see  that 


e/ 

tan-r 


(25) 


«,(V/'  + 1) 


1± 


(co;nax-co')(2E; to’) 

‘ (Ei-m'f-m2  J 


where 


= Ej-mJ~l  + af 


(26) 


is  the  maximum  frequency  of  the  spontaneous  photon. 
The  solution  (25)  shows  that  the  radiative  spectrum  in 
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the  interference  region  is  bounded  from  above  by  co^ax  > 
in  contrast  to  the  noninterference  region,  where  the  max- 
imum frequency  of  the  spontaneous  photon  is  (Et  - m). 
Note  that  the  upper  limit  (124)  of  the  frequency  of  the 
spontaneous  photon  depends  heavily  on  the  energy  and 
incidence  angles  of  the  initial  electron.  If  we  consider  it 
a function  of  the  polar  angle  of  the  initial  electron,  it  has 
minimum  value  0 at  the  polar  angle 

0,*  = arccosv,  (27) 


Ze  (a)  k, 

\ / 


Pf  Pi 


Fig.  2.  Resonant  spontaneous  bremsstrahlung  by  an  elec- 
tron scattered  by  a nucleus  in  the  field  of  two  light  waves. 


(0,*  is  the  critical  angle,  at  which  the  electron  ceases  to 
emit  photons),  and  a maximum  value  (£,  - m ) at  0,  = 0, 
re.  Hence,  as  0,  — - 0,*  (from  both  the  right  and  left), 
emission  rapidly  decreases  co^ax  — *■  0,  and  in  a nar- 
row range  of  angles  near  the  critical  angle  (0,  - 0,»)2  <S 
1 it  essentially  vanishes  (co^ax  !m  ^ 1)-  Thus,  the  elec- 
tron emits  photons  if  its  polar  incidence  angle  lies  in  the 
range 


0 < 0,  < 0,*  and  0,*<0,<7i.  (28) 

Note  that  the  critical  angle  0,*  increases  with  decreas- 
ing initial  electron  velocity,  taking  values  from  0,.  ~ 

72 (T  - v,)  < 1 (for  ultrarelativistic  electron  energies) 
to  0,»  ~ tc/2  (for  nonrelativistic  electron  energies). 

We  now  ascertain  the  angle  at  which  the  spontane- 
ous photon  emerges.  From  (23)  we  see  that  the  exit 
angle  of  the  spontaneous  photon  depends  heavily  on  the 
energy  and  incidence  angles  of  the  initial  electron.  If 
we  consider  the  exit  angle  of  the  spontaneous  photon  as 
a function  of  the  polar  angle  of  the  initial  electron,  at 
the  critical  angle  0,  = 0,*  it  has  a minimum  value  (at 
which  there  is  no  emission)  equal  to 

0min  = 2arcsin(m/£,)  = 20,-,.  (29) 

Therefore  at  the  given  energy  initial  electron  and  vari- 
ous incidence  angles  of  the  initial  electron,  the  exit 
angle  of  the  spontaneous  photon  is  made  in  an  interval 

©min  < 0'  — ft-  (30) 

In  conditions  of  a resonance,  intermediate  electron 
becomes  real,  i.e.,  accordingly  for  the  diagram  (a)  and 
(b)  (see  Fig.  1 ) are  satisfied: 


Frequency  of  a spontaneous  photon, 
relative  units 


Polar  angle  of  an  initial  electron,  deg 

Fig.  3.  Dependence  of  the  frequency  of  a spontaneous  pho- 
ton on  a polar  incidence  angle  of  the  initial  relativistic  elec- 
tron: curve  1 corresponds  to  the  energy  initial  electron  E,  = 
0.59  MeV  (vj  = 0.5):  curve  2,  £,  = 0.85  MeV  (v,-  = 0.8); 
crossing  of  the  dashed  line  with  curves  1 and  2 gives  a crit- 
ical angles  near  to  which  radiation  is  suppressed. 


a final  electron  in  conditions  of  a resonance: 

Ks  = jsUmt  - 82(o2)f^^i  - 1), 
k m ' 

. Qf  ( 1 - v,)  0, 

tan-^  = — -cot— 

2 ( I + v,-)  2 

for  the  relativistic  energy  initial  electron,  and 

f2E-  0 \2 
Ks  = kKcOj  - 52co2)^-^sin^J  , 


(33) 


(34) 


-2  2 ~2  2 
9/(0)  — m*>  9/(0)  - m* 


(31) 


Let  us  consider  a resonance  for  the  diagram  (a)  (see 
Fig.  2).  In  this  case  we  shall  receive: 


Pi  + \s\K  = ~qi(  0)  + k\ 

9(0)  = Pf~  9/(0)  + (l  + \s\)K. 


(32) 


From  Eqs.  (31),  (32),  (23)  we  shall  receive  fre- 
quency of  a spontaneous  photon  and  also  exit  angles  of 


0,  - -^cot(0,/2)cos2(0,/2)  - 0,- 


-^COt(0;/2)  « 1, 
[2  E) 


0’  = O^  + ^i-cotfO^Jcos©-©: 
2 E] 


(35) 


(36) 
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Polar  angle  of  a spontaneous  photon,  deg 


Polar  angle  of  an  initial  electron,  deg 


Fig.  4.  Dependence  of  the  exit  angle  of  the  spontaneous  pho- 
ton on  a polar  incidence  angle  of  the  initial  relativistic  elec- 
tron: curve  1 corresponds  to  the  energy  initial  electron  £,  = 
0.59  MeV  (vj-  = 0.5);  curve  2,  £,  = 0.85  MeV  (v,  = 0.8). 


Polar  angle  of  a final  electron,  deg 


Polar  angle  of  an  initial  electron,  deg 


Fig.  5.  Dependence  of  the  exit  angle  of  the  final  electron  on 
a polar  incidence  angle  of  the  initial  relativistic  electron: 
curve  1 corresponds  to  the  energy  initial  electron  £,  = 
0.59  MeV  ( vt  = 0.5);  curve  2,  £,  = 0.85  MeV  (v,  = 0.8). 


for  the  ultrarelativistic  energy  initial  electron. 

Let  us  emphasize,  that  the  ultrarelativistic  energy 
initial  electron  are  limited  to  size 


m 

m ~ 4|s|Qsin2(0,/2) 


g~(105-106). 


(37) 


In  Fig.  3 we  show  the  frequency  dependence  of  a spon- 
taneous photon  on  a polar  incidence  angle  of  the  initial 
relativistic  electron.  In  Fig.  4 we  show  the  dependence 
of  the  exit  angle  of  the  spontaneous  photon  on  a polar 
incidence  angle  of  the  initial  relativistic  electron.  In 
Fig.  5 we  show  the  dependence  of  the  exit  angle  of  the 
final  electron  on  a polar  incidence  angle  of  the  initial 
relativistic  electron.  Finally,  in  Fig.  6 we  show  the 
dependence  of  the  frequency  of  a spontaneous  photon 
on  a polar  incidence  angle  of  the  initial  ultrarelativistic 
electron. 

The  resonance  infinities  were  eliminated  by  Breit 
and  Wigner  procedure: 

m — *-  (!,  = m - tT,,  (38) 

where 

T,.  = tif  + Ti22)Q^'.  (39) 

1 2m  Y hcK  11  u'  m 

The  resonant  differential  cross  section  of  a spontaneous 
bremsstrahlung  is  given  by 

dores~±dW0)dOs(qK  0)),  (40) 

* I 


where  dW(l)  is  the  probability  of  spontaneous  radiation 
by  an  electron  of  a quantum  in  the  field  of  two  waves 


and  dos — the  differential  cross  section  of  scattering  of 
an  electron  on  a nucleus  in  the  field  of  two  waves. 

May  be  shown  that  the  resonant  differential  cross 
section  of  a spontaneous  bremsstrahlung  can  on  some 
orders  of  magnitude  exceed  the  corresponding  cross 
section  without  a laser  field  (do*). 


R = 


do, 

do 


r - < lo’-io*.  (41) 

p \mj  p V“2/ 


Frequency  of  a spontaneous  photon, 
relative  units 


Polar  angle  of  an  initial  electron,  deg 


Fig.  6.  Dependence  of  the  frequency  of  a spontaneous  pho- 
ton on  a polar  incidence  angle  of  the  initial  ultrarelativistic 
electron:  curve  1 corresponds  to  the  energy  initial  electron 
£,  = 11 .43  MeV;  curve  2,  £,•  = 36.12  MeV. 
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